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A structural constitutive model that characterizes the active and passive responses of biological tissues
with smooth muscle cells (SMCs) is proposed. The model is formulated under the assumption that the
contractile units in SMCs and the connected collagen ﬁbers are the active tissue component, while the
collagen ﬁbers not connected to the SMCs are the passive tissue component. An evolution law describing
the deformation of the active tissue component over time is developed based on the sliding ﬁlament
theory. In this evolution law the contraction force is the sum of a motor force that initiates contraction, a
viscous force that describes the actin–myosin ﬁlament sliding, and an elastic force that accounts for the
deformation of the cross-bridges. The mechanical response of the collagen ﬁbers is governed by the ﬁber
recruitment process: collagen ﬁbers support load and behave as a linear elastic material only after
becoming taut. The proposed structural constitutive model is tested with published active and passive,
uniaxial and biaxial experimental data on pig arteries.
& 2015 Elsevier Ltd. All rights reserved.
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1. Introduction
Biological hollow structures such as blood vessels, airways, gastrointestinal tracts and pelvic organs are mainly composed of an
extracellular matrix and smooth muscle cells (SMCs). The extracellular matrix contains mainly elastin and collagen ﬁbers embedded in
the so-called ground substance and controls the passive deformation
of these structures. The SMCs govern and maintain the active
deformation. They have contractile units that function as sarcomeres
in skeletal muscles and are composed of actin ﬁlaments, myosin
ﬁlaments, and dense bodies [1,2] (Fig. 1(a)). The actin ﬁlaments are
anchored to dense bodies. The dense bodies serve to connect the
contractile units throughout the cell and are attached to the cell
membrane [3]. Each myosin ﬁlament is aligned between two actin
ﬁlaments, with the myosin heads uniformly spaced between these
ﬁlaments [3]. When the intracellular calcium concentration increases
due to electric, chemical, and mechanical stimuli, cross-bridges form
between the myosin heads and the actin ﬁlaments, leading to SMC
contraction [4]. SMCs generate a contraction force that is comparable
to the force generated by skeletal muscle cells. However, unlike
skeletal muscle cells, SMCs maintain this contraction force over a
longer time, and they have a much lower contraction speed so as to
accomplish their physiological functions (e.g., maintain proper pressure in blood vessels, propelling food in the gastrointestinal tracts) [5].
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The contraction mechanism in skeletal muscle has been
explained by H.E. Huxley, A.F. Huxley and co-authors [6–9], who
proposed the so-called sliding-ﬁlament theory. According to this
theory, the contraction force in skeletal muscle is generated by the
attachment of myosin heads to actin ﬁlaments (i.e., the formation
of cross-bridges) during actin–myosin ﬁlament sliding. Based on
the sliding-ﬁlament theory, Hai and Murphy presented a new
model that include the latch state introduced by Dillon et al.
[10,11] to capture the characteristic cross-bridge kinetics of the
SMCs [12]. In this state, a high contraction force is maintained at a
very low or even zero contraction speed.
Constitutive models that describe the active mechanical contribution of SMCs in biological hollow structures have been proposed over
the years. The passive response has been usually assumed to be due to
the collagen and elastin ﬁbers, while the active response has been
assumed to be determined by the contractile units in SMCs. For
vascular tissue, Rachev and Hayashi [13] introduced an ad hoc
parameter that deﬁned the contractile activity of SMCs to model the
active stress, and adopted a parabolic function for the typical isometric
length–tension data. Later, Zulliger et al. [14] proposed a structural
model for arteries that included the mechanical contribution of SMCs.
The active stress was deﬁned by introducing two functions that
described the muscle tone level and the isometric length–tension
data. To more precisely account for the contraction mechanisms of
SMCs, a mechano-chemical model considering Ca2 þ concentration
and temperature was proposed by Stålhand et al. [15]. In this model,
the SMC deformation was assumed to be the result of cross-bridge
deformation and ﬁlament sliding. Recently, Murtada et al. [16,17]
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Fig. 1. (a) Smooth muscle cells (SMCs) and contractile units (CUs). (b) Active collagen ﬁbers (ACFs), passive collagen ﬁbers (PCFs), and SMCs. (c) Model schematic for PCFs,
ACFs, and CUs in SMCs showing only a discrete number of elements: n elements for the ACFs (or CUs) and m elements for the PCFs. In the proposed model, the continuous
recruitment of these elements under load is described by a probability density function. Note: All the elements are oriented along the unit vector m in the reference
conﬁguration.

proposed a new theoretical framework in which the active response
was deﬁned by considering the dispersion of contractile units, actin–
myosin ﬁlament overlap and sliding, and chemical activity as done by
Hai and Murphy [12]. More speciﬁcally, they introduced a phenomenological parabolic ﬁlament overlap function [17], which captured
the length–tension data in isometric experiments. Finally, Chen et al.
[18] developed a constitutive model that also incorporated the experimentally measured orientation of vascular SMCs.
In this study, a new structural constitutive model for the active
and passive mechanical behavior of biological tissues containing
SMCs is proposed. The SMC contraction force is assumed to be equal
to the force acting on the surrounding collagen ﬁbers. This assumption is justiﬁed by the fact that the contraction force generated by
SMCs can be transmitted, via their connection to the dense bodies, to
the extracellular matrix [1]. Thus, the active stress can be computed
from the stress of the collagen ﬁbers that are connected to the SMCs,
without introducing a chemical kinetics model as done by other
investigators [16,17]. Within the framework of Hill's three-element
model [19], we develop an evolution law for the deformation of
SMCs and connected collagen ﬁbers. Following the sliding ﬁlament
theory, in this evolution law the contraction force is the sum of a
motor force that initiates contraction, a viscous force that describes
the actin–myosin ﬁlament sliding, and an elastic force that accounts
for the cross-bridge deformation. The passive response of the
collagen ﬁbers is captured by the non-linear elastic model proposed
by De Vita [20]. The proposed structural constitutive model is then
tested using uniaxial isometric length–tension [17] and isotonic
quick-release experimental data [10] on pig carotid arteries and
biaxial isometric inﬂation–extension experimental data on pig coronary arteries [18].

2. Model formulation
In the proposed model, the mechanical behavior of biological
tissues with SMCs is assumed to be determined by the collagen
ﬁbers. We assume that there are two different types of collagen
ﬁbers based on their interaction with SMCs (Fig. 1(b)). Collagen
ﬁbers of the ﬁrst type are directly connected to SMCs. These
collagen ﬁbers determine the active mechanical response of the
tissues. The activation of SMCs is assumed to be transmitted to the
neighboring collagen ﬁbers. For this reason, the collagen ﬁbers
connected to SMCs are called the active collagen ﬁbers (ACFs).
Collagen ﬁbers of the second type are not connected to SMCs.
These determine the passive mechanical response of the tissues
and are called the passive collagen ﬁbers (PCFs). The mechanical
contributions of other components (e.g., ground substance or
elastin) are neglected. In summary, the active and passive mechanical behaviors of biological tissues with SMCs are determined by
the ACFs and PCFs, respectively.
2.1. Constitutive model for the ACFs and PCFs
Within the framework of non-linear elasticity, the active or
passive ﬁrst and second Piola–Kirchhoff stress tensors, P and S,
respectively, are expressed as [21]
P ¼  pF  T þ 2F 

∂W
;
∂C

S ¼ pC  1 þ 2

∂W
;
∂C

ð1Þ

where p is the Lagrange multiplier that accounts for incompressibility, F is the deformation gradient, C ¼ FT  F is the right
Cauchy–Green strain tensor, and W is the strain energy of ACFs
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or PCFs, which can be deﬁned as
Z
W ¼ RðmÞwðλðC; mÞÞ dΣ ;

ð2Þ

Σ

where Σ is the set of all material directions, RðmÞ is the probability
density function for ACFs or PCFs with mean axis being parallel to
the unit vector m in the reference conﬁguration,
w is theﬃ strain
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
energy of ACFs or PCFs along m, and λðC; mÞ ¼ m  C  m is the
ACF or PCF axial stretch. After deﬁning the ACF or PCF axial stress
as σ ¼ dw=dλ, the ﬁrst and second Piola–Kirchhoff stress tensors in
Eq. (1) can be rewritten as
Z
σ
P ¼ pF  T þF  RðmÞ m  m dΣ ;
λ
Σ
Z
σ
1
ð3Þ
S ¼  pC þ RðmÞ m  m dΣ :
Σ

λ

Both ACFs and PCFs are assumed to support load only after
becoming taut and are linear elastic with elastic modulus K, as
done in our previous work [20]. A Weibull probability density
function with shape parameter κ, scale parameter γ, and location
parameter of 1 is then introduced to model the gradual straightening and recruitment of collagen ﬁbers. Then, the axial stress σ
of ACFs or PCFs is expressed as [20]


Z λ2
κ  1  ððλ  1Þ=γ Þκ
κ
λ
t
σ¼
λ

1
e
K

1
dλ t ;
ð4Þ
t
κ
λ1

γ

λt

where λt is the stretch at which the ACFs or PCFs become taut, and
λ1 and λ2 are the lower and upper bounds for λt , respectively. It
must be noted that the above equations describe both the active
and passive of the tissue. In the sections below, two subscripts, “a”
and “p,” will be introduced to distinguish active and passive axial
stretches, which lead to active and passive stresses for axisymmetric deformations. Thus, λa will denote the axial stretch for ACFs
and λp will denote the axial stretch for PCFs.

not taut. This force will not contribute to the total active stress of
the tissue unless the ACFs are taut.
Along the direction m, PCFs are modeled as springs that are
parallel to the series of ACFs and contractile units (Fig. 1(c)). Thus,
ua ðtÞ and uc ðtÞ are related to the axial stretch of PCFs, λp ðtÞ, by

λp ðtÞ ¼

L0 þ ua ðtÞ þ uc ðtÞ
;
L0

ð6Þ

where L0 is the original length of PCFs. We assume that the axial
stretch of the PCFs is equal to the axial stretch of the tissue along
m and can be expressed as
(
λm
for isometric contraction;
λp ðtÞ ¼ λ þ Vðe  μt  1Þ for isotonic contraction;
ð7Þ
m

μ

where λm is the constant tissue stretch along m in isometric
experiments, V is the normalized initial velocity of the tissue with
respect to L0 in isotonic experiments, and μ is a constant
parameter that controls the rate and amount of change of the
constant stretch. Note that, for the isotonic experiments, λp ðtÞ can
be obtained by integrating the axial velocity of the PCFs, i.e.
λ_ p ðtÞ ¼  Ve  μt . This exponential decaying function for the axial
stretch of PCFs is assumed based on experimental data and
previous models [22,23].
2.3. Isometric contraction
For isometric contraction, λp ðtÞ ¼ λm . After replacing λp ðtÞ with
λm in Eq. (6), one can express ua in terms of uc , λm , and L0 then
substitute it into Eq. (5). The solution of the resulting differential
equation has the following form:
uc ðtÞ ¼ βðf  λm þ 1Þðe  αt  1ÞL0 þ uc ð0Þe  αt ;

ð8Þ

where α ¼ ðka þ kc Þ=ηc , β ¼ ka =ðkc þ ka Þ, and f ¼ f c =ks L0 . The initial
axial displacement of the SMC contractile units is unknown from
the experiments, so we assume that

2.2. Evolution law

uc ð0Þ ¼ aðλm  1ÞL0 ;

The axial stretch of ACFs, λa , along the direction m is a function
of the SMC contraction time t. In order to determine this function,
which is also known as the evolution law, we assume that, along
m, SMCs and ACFs are subjected to the same force due to their
connections and, therefore, are arranged in series (Fig. 1(c)).
Within the contractile units in SMCs, the actin–myosin ﬁlament
sliding is assumed to generate a viscous force and the cross-bridge
deformation is assumed to generate an elastic force. The viscous
force is modeled using a dashpot element and the elastic force
using a spring element. Moreover, the existence of a motor force
that initiates SMC contraction is postulated as done by other
investigators [16]. SMCs that are connected to ACFs along the
direction m are thus modeled as a combination of three parallel
elements (Fig. 1(c)). As mentioned in Section 2.1, ACFs are assumed
to be linear elastic and are modeled as a spring element. Because
along m the ACFs are arranged in series with the contractile units
of SMCs, one has

where 0 r a r 1 is a fractional length parameter. This assumption
implies that the initial axial displacement of the SMC contractile units
is a fraction of the axial tissue displacement. After introducing the
parameter a, the axial stretch of ACFs can then be written as

ka ua ðtÞ ¼ ηc u_ c ðtÞ þ kc uc ðtÞ þ f c ;

ð5Þ

where ka and ua ðtÞ are the spring stiffness and axial displacement
of the ACFs, respectively, ηc , kc , uc ðtÞ, and f c are the viscous
coefﬁcient, spring stiffness, axial displacement, and motor force
of the contractile units, respectively, and t is the contraction time.
We emphasize that ua in Eq. (5) is the axial displacement of the
ACFs (and not the axial displacement of the taut ACFs). We also
note that the ACFs contribute to the total active stress only when
they are taut and, in that case, they behave as a linear elastic
material. However, during SMC contraction, the ACFs generate a
force, which is equal to the force in the SMCs, even when they are

λa ðtÞ ¼ 1 þ

ð9Þ

ua ðtÞ
:
ð1  aÞL0

ð10Þ

By substituting Eq. (8) into Eq. (6), one obtains ua ðtÞ. This can then be
substituted into Eq. (10) so that, for an isometric contraction,

λa ðtÞ ¼ 1 þ

ðλm 1Þð1  ae  αt Þ þ β ½f ðλm  1Þð1  e  αt Þ
:
1 a

ð11Þ

2.4. Isotonic contraction
For isotonic contraction, λp ðtÞ ¼ λm þ Vðe  μt  1Þ=μ, where λm is
the constant tissue stretch in isometric experiments. This expression for λp ðtÞ can be substituted in Eq. (6) and ua can be written in
terms of uc , λm , and L0 and then substitute it into Eq. (5). The
solution of the resulting differential equation has the following
form:
~

~

uc ðtÞ ¼ βðf  λm þ 1Þðe  αt  1ÞL0 þ aðλm  1ÞL0 e  αt
  μt

e
 1 e  μt  e  α t
;
þ VL0 β

μ
μα

ð12Þ

where α, β, f, L0, a are deﬁned as above, and t~ is a constant that
represents the duration of the isometric contraction that precedes
the isotonic contraction. The ﬁrst two terms of the right-hand side
of Eq. (12) represent the axial displacement of the contractile units
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at the end of the isometric contraction (i.e., Eq. (8) evaluated at
t ¼ t~ ).
By substituting Eq. (12) into Eq. (6), one obtains ua ðtÞ for an
isotonic contraction. This can then be substituted into Eq. (10), so
that λa ðtÞ for an isotonic contraction becomes
~

~

ðλm  1Þð1  ae  αt Þ þ β ½f  ðλm  1Þð1  e  αt Þ
1a


V ð1  β Þðe  μt 1Þ β ðe  μt  e  αt Þ
þ
:
þ
1a
μ
μα

λa ðtÞ ¼ 1 þ

Again, we note that the ﬁrst two terms of the right-hand side of
Eq. (13) represent the axial stretch of the ACFs at the end of the
isometric contraction (i.e., Eq. (11) evaluated at t ¼ t~ ).

3. Model implementation
3.1. Reduced 1-D model

 1=2

e1  E1 þ λ

 1=2

e2  E2 þ λe3  E3 ;

ð14Þ

where λ is the axial stretch of the ACFs or PCFs. The orthonormal
bases fE1 ; E2 ; E3 g and fe1 ; e2 ; e3 g are deﬁned so that the E3 and e3
are the loading directions in the reference and current conﬁgurations, respectively.
In the reference conﬁguration, the ACFs or PCFs are assumed to be
all aligned along the loading direction E3 . Thus, in Eq. (3),
RðmÞ ¼ δðm  E3 Þ, where δ is the Dirac delta function. Substituting
Eqs. (4) and (15) into Eq. (3), the non-zero components of the active
or passive ﬁrst Piola–Kirchhoff stress tensor are the following:
P 11 ¼ P 22 ¼  pλ

 1=2

;

P 33 ¼  pλ

 1=2

þ σ ðλÞ:

ð15Þ

After applying the traction-free boundary condition P 11 ¼ P 22 ¼ 0 on
the lateral surface of the specimens, we obtain p¼0. Thus, the
constitutive equation that deﬁnes the response of the ACFs or PCFs is


Z λ2
κ  1  ððλ  1Þ=γ Þκ
κ
λ
t
P 33 ðλÞ ¼ σ ðλÞ ¼
λ

1
e
K

1
dλt :
ð16Þ
t
κ
λ1

wðλðC; mÞÞ þ wðλðC; mÞÞ
;
2

γ

λt

The above equation deﬁnes the response of the ACFs for λ ¼ λa ðtÞ,
λ1 ¼ λm , and λ2 ¼ λa ðtÞ. More speciﬁcally, for an isometric contraction
λa ðtÞ is given by Eq. (11) and for an isotonic contraction λa ðtÞ is given
by Eq. (13). Eq. (16) also deﬁnes the response of the PCFs for λ ¼ λp ðtÞ,
λ1 ¼ 1, and λ2 ¼ λp ðtÞ where λp ðtÞ is given by Eq. (7). The total stress
of the tissue is obtained as the sum of the stress of ACFs, P 33 ðλa Þ, and
the stress of PCFs, P 33 ðλp Þ. We note that the model parameters κ, γ,
and K in Eq. (16) are assumed to have the same values for both ACFs
and PCFs.
3.2. Reduced 2-D model
The constitutive model proposed is also tested with biaxial data
that are obtained from isometric inﬂation–extension tests on
coronary arteries. Thus, we assume that the specimens undergo
a homogeneous isochoric axisymmetric deformation deﬁned by
F ¼ ðλθ λz Þ  1 er  Er þ λθ eθ  Eθ þ λz ez  Ez ;

ð17Þ

where λθ and λz are the circumferential stretch and axial stretch of
the ACFs or PCFs, respectively. The orthonormal bases fEr ; Eθ ; Ez g
and fer ; eθ ; ez g are deﬁned so that the Er , Ez and er , ez are the
biaxial loading directions in the reference and current conﬁgurations, respectively. In the reference conﬁguration, the collagen

ð18Þ

where λðC; m1 Þ and λðC; m2 Þ are the axial stretches of the ﬁbers. It
then follows from Eqs. (7), (11), and (13) that since λm ðC; m1 Þ ¼
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
λm ðC; m2 Þ ¼ λ2θ cos 2 ψ þ λ2z sin 2 ψ , then λðC; m1 Þ ¼ λðC; m2 Þ. Then
the axial stresses along m1 and m2 deﬁned by Eq. (4) are equal:
σ ðλðC; m1 ÞÞ ¼ σ ðλðC; m2 ÞÞ.
Substituting Eqs. (4) and (18) into Eq. (3), one gets the
following non-zero components of the second Piola–Kirchhoff
stress tensor:
Srr ¼  pðλθ λz Þ2 ;

In order to test the constitutive model with published uniaxial
data collected from isometric and isotonic experiments on carotid
arteries [17,10], we assume that the tested specimens undergo a
homogeneous isochoric axisymmetric deformation. Thus, the
deformation gradient of the ACFs or PCFs has the following form:
F¼λ

ﬁbers are assumed to be aligned in two preferred directions
m1 ¼ cos ðψ ÞEθ þ sin ðψ ÞEz and m2 ¼ cos ðψ ÞEθ  sin ðψ ÞEz , where
ψ and  ψ are the angles off the circumferential axis Eθ . Then,
RðmÞ ¼ ðδðm  m1 Þ þ δðm  m2 ÞÞ=2 and the strain energy in Eq. (2)
can be re-written as
W¼

ð13Þ
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Szz ¼

Sθθ ¼

σ ðλÞ 2
p
sin ðψ Þ  2 :
λ
λz

σ ðλÞ
p
cos 2 ðψ Þ  2 ;
λ
λθ
ð19Þ

By following Fung et al. [24], we assume that Srr ¼ 0 and, hence,
p¼ 0. Then, it follows that
Sθθ ¼

σ ðλÞ
cos 2 ðψ Þ;
λ

Szz ¼

σ ðλ Þ 2
sin ðψ Þ;
λ

ð20Þ

where

σ ðλÞ ¼

Z λ2
κ

γκ

λ1

κ  1

λt  1

κ

e  ððλt  1Þ=γ Þ K





λ
 1 dλt :
λt

ð21Þ

Eqs. (20) and (21) deﬁne the non-zero components of the second
Piola–Kirchhoff stress tensor of the ACFs for λ ¼ λa ðtÞ, λ1 ¼ λm , and
λ2 ¼ λa ðtÞ, where λa ðtÞ is given by Eq. (11). Eqs. (20) and (21) are the
non-zero components of the second Piola–Kirchhoff stress tensor
of the PCFs for λ ¼ λp ðtÞ, λ1 ¼ 1, and λ2 ¼ λp ðtÞ, where λp ðtÞ is given
by Eq. (7)1. Again, the model parameters, κ, γ, and K, in Eq. (21) are
assumed to have the same values for both ACFs and PCFs.
3.3. Parameter determination
The model parameters were identiﬁed by using three sets of
published experimental data on pig arteries that were obtained by
performing uniaxial isometric length–tension tests [17], uniaxial
isotonic quick-release tests [10], and biaxial isometric inﬂation–
extension tests [18]. These parameters were calculated by minimizing three different error functions, as described in detail below,
using the fmincon function with the interior-point method in
MATLAB (MATLAB R2013b, MathWorks). All the model parameters
were constrained to be non-negative. Furthermore, the parameters
a satisﬁed the inequality 0 r a r 1.
When using the isometric length–tension data [17], the seven
parameters {α, β, a, f, κ, γ, K} were obtained by minimizing the
error function, Er1 , deﬁned as
X exp
2
Er1 ¼
ðP 33 ðλa ðλm ÞÞ  P theor
33 ðλa ðλm ÞÞÞ
λm

þ

X exp
2
ðP 33 ðλp ðλm ÞÞ  P theor
33 ðλp ðλm ÞÞÞ
λm

X exp
2
þ
ðP 33 ðλa ðtÞÞ  P theor
33 ðλa ðtÞÞÞ ;

ð22Þ

t
theor
where P exp
33 ðλa ðλm ÞÞ and P 33 ðλa ðλm ÞÞ are the experimental and
theoretical non-zero components of the ﬁrst Piola–Kirchhoff stress
theor
tensor for the ACFs, respectively, and P exp
33 ðλp ðλm ÞÞ and P 33 ðλp ðλm ÞÞ
are the experimental and theoretical non-zero components of the
ﬁrst Piola–Kirchhoff stress tensor for the PCFs, respectively. We note
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that the stretches, are functions of the tissue stretch λm via
respectively. Experimentally, the stresses were always measured at
theor
a contraction time t¼300 s. P exp
33 ðλa ðtÞÞ and P 33 ðλa ðtÞÞ are the
experimental and theoretical non-zero components of the ﬁrst
Piola–Kirchhoff stress tensor for the ACFs, respectively. These vary
with the contraction time t for a constant tissue stretch λm ¼ 1:5.
Uniaxial isometric and isotonic experimental data [11] were
also used to compute the model parameters. Toward this end, the
eight model parameters {α, β, a, f, κ, γ, K, μ} were identiﬁed by
minimizing the error function, Er2 , deﬁned as
X exp
2
ðP 33 ðλa ðtÞÞ  P theor
Er2 ¼
33 ðλa ðtÞÞÞ
t

þ

X
ððF=F 0 Þexp ðV Þ  ðF=F 0 Þtheor ðV ÞÞ2 ;
V

λθ

ðλa ðλθ ÞÞÞ2
 Stheor
zz
theor
exp
2
þ ðSexp
θθ ðλp ðλθ ÞÞ Sθθ ðλp ðλθ ÞÞÞ þ ðSzz ðλp ðλθ ÞÞ

 Stheor
ðλp ðλθ ÞÞÞ2 j λz ¼ 1:2
zz
theor
exp
theor
2
2
þ ½ðSexp
θθ ðλa ðλθ ÞÞ Sθθ ðλa ðλθ ÞÞÞ þ ðSzz ðλa ðλθ ÞÞ  Szz ðλa ðλθ ÞÞÞ
theor
exp
2
þ ðSexp
θθ ðλp ðλθ ÞÞ Sθθ ðλp ðλθ ÞÞÞ þ ðSzz ðλp ðλθ ÞÞ

 Stheor
ðλp ðλθ ÞÞÞ2 j λz ¼ 1:3 g;
zz

ð24Þ

where Sθθ ðλa ðλθ ÞÞ and Sθθ ðλa ðλθ ÞÞ are the experimental and
theoretical circumferential components of the second Piola–
Kirchhoff stress tensor for the ACFs, respectively, and Sexp
zz ðλa ðλθ ÞÞ
and Stheor
ðλa ðλθ ÞÞ are the experimental and theoretical axial comzz
ponents of the second Piola–Kirchhoff stress tensor for the ACFs,
theor

40
20
0

Active stress
Passive stress

80

60
P33 (kPa)

(kPa)
33 active

In the study by Murtada et al. [17], active and passive stress–
stretch data were collected from strips of pig carotid media
arteries in the circumferential direction. Stretch data were computed by normalizing the tissue length with respect to the tissue
length in the slack conﬁguration. It must be noted that, although
isometric length–tension data have been published by several
investigators [4,25,26], the stretch of the tissue is often measured
as the tissue length normalized with respect to the optimal length,
i.e. the length at the maximal active tension. The data reported by
Murtada et al. [17] captured the tissue deformation independent of
the tested specimen's dimensions and optimal length. For this
reason, these data were selected to compute the model parameters
in Eqs. (11) and (16).
The digitized experimental data and our model ﬁt are shown in
Fig. 2. The values of the model parameters are reported in Table 1.
Active stress–time data recorded at an optimal stretch of 1.5 were
presented by Murtada et al. [17]. The constitutive model ﬁts well
these data: it captures the increase in the active stress with the
contraction time of SMCs (Fig. 2(a)). The active stress was found to be
almost constant after reaching its maximum value at 200 s. In Fig. 2
(b), the active and passive stress–stretch data and model ﬁts are
shown. The constitutive model describes well the typical passive nonlinear elastic response of soft biological tissues. It also reproduces the
increase in active stress with tissue stretch and the decrease in active
stress after reaching the maximum value at the optimal stretch. The
coefﬁcient of determination R2 was found to be 0.862. Considering the
variation in the active and passive stress–stretch experimental data,
the constitutive model appears to be capable of ﬁtting the uniaxial
isometric experimental data by Murtada et al. [17].
Uniaxial isometric data and uniaxial isotonic data on swine
carotid media specimens were reported by Dillon et al. [10]. We
note that many experimental studies have focused on determining
either isometric length–tension relationships or isotonic force–
velocity relationships [4,11,22,12]. However, since both isometric

100

80

P
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ð23Þ

theor
where P exp
33 ðλa ðtÞÞ and P 33 ðλa ðtÞÞ are the isometric experimental
and theoretical non-zero components of the ﬁrst Piola–Kirchhoff
stress tensor for the ACFs at a constant λm ¼ 1:6, respectively.
These components change with the contraction time t. ðF=F 0 Þexp ðV Þ
and ðF=F 0 Þtheor ðVÞ deﬁne the experimental and theoretical normalized forces applied to the tissue during isotonic experiments as
functions of the isotonic initial velocities V computed at a constant
λm ¼ 1:6 and constant contraction time t¼ 3000 s. F=F 0 is the
normalized force with respect to the maximum force F0 obtained
in isometric experiments. It is equal to the ratio of the total stress,
P 33 ðλa ðVÞÞ þ P 33 ðλp ðVÞÞ, in isotonic experiments and the total stress
obtained in isometric experiments, which was reported to be
290 kPa. We note that depend on V via respectively.
Biaxial isometric data from inﬂation–extension tests [18] were
used to evaluate the eight model parameters {α, β, a, f, κ, γ, K, ψ}.
The following error function, Er3 , was minimized:
X
theor
exp
2
f½ðSexp
Er3 ¼
θθ ðλa ðλθ ÞÞ Sθθ ðλa ðλθ ÞÞÞ þ ðSzz ðλa ðλθ ÞÞ

exp

theor
respectively. Sexp
θθ ðλp ðλθ ÞÞ and Sθθ ðλp ðλθ ÞÞ are the experimental
and theoretical circumferential components of the second Piola–
Kirchhoff stress tensor for the PCFs, respectively, and Sexp
zz ðλp ðλθ ÞÞ
and Stheor
ðλp ðλθ ÞÞ are the experimental and theoretical axial
zz
components of the second Piola–Kirchhoff stress tensor for the
PCFs, respectively. The stretches, are functions of the circumferential tissue stretch λθ at a constant axial tissue stretch λz of 1.2 or
1.3. The stresses were always measured experimentally at a
constant contraction time t¼ 900 s.
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Fig. 2. Active and passive uniaxial data [17] and model ﬁts (R2 ¼ 0.862). (a) Active stress–time experimental data (symbols) at a stretch of 1.5 and model ﬁt (continuous line)
(b) Active and passive stress–stretch data (symbols, respectively) and model ﬁt (continuous lines) (λ= λm).
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and isotonic data were reported by Dillon et al. [10], these data
were selected and used simultaneously to determine the model
parameters in Eqs. (7), (13), and (16). The digitized active stress–
time experimental data at an optimal stretch of 1.6 [10] and the
model ﬁt are shown in Fig. 3(a). The constitutive law with the
values of the model parameters reported in Table 1 reproduces the
results of the experiments: there is a quick increase in the active
stress followed by a plateau region that starts at around 100 s. The
model also successfully illustrates the non-linear force–velocity
relationship, which is characterized by a decrease in velocity with
increasing force while the tissue isshortening (Fig. 3(b)). Overall,
the proposed model can simulate the uniaxial isometric and
isotonic behavior of pig carotid arteries (R2 ¼0.922).
Recently, biaxial mechanical data for pig coronary arteries
obtained from inﬂation–extension experiments were presented
by Chen et al. [18]. To our knowledge, among published data, this
is the most complete set of experimental data that characterizes
the biaxial active and passive stress–stretch relationships [27–29].
For this reason, we utilized these experimental data to determine
the model parameters in Eqs. (20) and (21). In Fig. 4, both the
digitized active and passive experimental stress data collected in
circumferential and axial directions under a constant axial stretch
of 1.2 or 1.3 are plotted versus the circumferential stretch with the
model ﬁts. The biaxial passive and active stress–stretch relationships are well captured by the model. The values of the model
parameters are reported in Table 1. The R2 was found to be 0.965.
As expected, the axial stresses are found to be lower than the
circumferential ones. This can be explained by the collagen ﬁber
preferred orientation of 371 off the circumferential direction (see
Table 1). That is to say, the tissue is anisotropic. It is stiffer in the
circumferential direction than in the axial direction.

5. Discussion
In recent years, mechano-chemical constitutive models that
account for the chemical states of myosin have been developed
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for SMC contraction based on the so-called four-state chemical
model [15,30,17]. In these models, the active stress of biological
tissues depends on the number of activated myosin heads and their
stiffness. This number is obtained from chemical kinetics models. In
the constitutive model proposed by Kroon [30], ﬁve chemical
parameters were ﬁxed based on the work by Hai and Murphy
[12], and two additional chemical parameters were identiﬁed using
experimental data published by Dillon and Murphy [11]. Four
material parameters for the active mechanical response and ﬁve
material parameters for the passive mechanical response were then
determined by ﬁtting mechanical experimental data. In the constitutive model proposed by Murtada et al. [17] two chemical
parameters were estimated by the authors and ﬁve chemical
parameters were ﬁxed based on the work by Rembold and Murphy
[31] and Hai and Murphy [12]. In addition, ﬁve material parameters
for the active mechanical response and three material parameters
for the passive mechanical response were also determined using
mechanical experimental data. Like the above-cited mechanochemical models, the constitutive model we presented here ﬁts
the mechanical experimental data well but with fewer parameters.
In formulating the proposed constitutive model, we assumed
that the active stress of the SMCs can be computed from the stress
of their connected ACFs. This assumption was made since there is
no information about the SMC deformation within the tissue
during contraction. Under this assumption, the active response
of the tissue can then be described without introducing a kinetics
model for the interaction of the myosin heads and thin ﬁlaments.
Instead, based on the sliding ﬁlament theory, we assumed that
there are three forces that generate contraction: a motor force that
initiates contraction, an elastic force for the cross-bridge deformation, and a viscous force for the ﬁlament sliding. The resulting
evolution law expressed by Eq. (11) for an isometric contraction
and Eq. (13) for an isotonic contraction deﬁnes the deformation of
ACFs with only four parameters. Three additional parameters were
needed to describe the active and passive collagen ﬁbers’ mechanical behavior: two parameters for the recruitment of the ﬁbers and
one parameter for their elastic modulus. Overall, seven to eight

Table 1
Model parameters.
Experimental data

α ðs  1 Þ

β

a

f

κ

γ

K (Mpa)

(deg)

Uniaxial data [17]
Uniaxial data [10]
Biaxial data [18]

0.023
0.134
0.020

0.328
0.700
0.138

0.777
0.710
0.190

0.641
0.720
0.652

1.103
5.949
4.235

1.048
2.051
0.398

0.188
1.400
2.614

0.025
37.00

0.04
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Fig. 3. Active and passive uniaxial data [10] and model ﬁt (R2 ¼ 0.922). (a) Active stress–time experimental data (symbols) at a stretch of 1.6 and model ﬁt (continuous line);
(b) velocity–force experimental data (symbols) and model ﬁt (continuous line).
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Fig. 4. Active and passive biaxial data [18] (R2 ¼ 0.965). (a) Active, passive, and total circumferential stress–stretch data at an axial stretch of 1.2 and model ﬁt (continuous
lines). (b) Active, passive, and total axial stress–circumferential stretch data at an axial stretch of 1.2 and model ﬁt (continuous lines). (c) Active, passive, total circumferential
stress–circumferential stretch data at an axial stretch of 1.3 and model ﬁt (continuous lines). (d) Active, passive, and total axial stress–circumferential stretch data at an axial
stretch of 1.3 and model ﬁt (continuous lines).

parameters were needed to capture the results of uniaxial isotonic
and isometric experiments on arteries.
The non-linearity in the active stress stemmed from the overlap
mechanisms between the actin and myosin ﬁlaments for isometric
contractions in the structural constitutive model by Murtada et al.
[17]. These authors introduced a homogeneous parabolic function
to describe this overlap mechanisms and, consequently, the active
stress as a function of the tissue stretch had a parabolic proﬁle.
This led to underestimated values of the active stress when the
tissue was stretched above the optimal stretch. In our study, the
non-linearity in the active stress was recruitment model that
deﬁned the stress of the ACFs. Because this stress was assumed
to be equal to the stress of the SMCs (Fig. 1(c)), we did not need a
description of the SMC deformation and, thus, of the overlap
mechanism to compute the active stress. The recruitment model
with a Weibull probability distribution function yielded a better ﬁt
of the active stress–stretch data following the optimal stretch.
The parameters that were found by curve ﬁtting the model to
three sets of experimental data on arteries [17,10,18] are reported
in Table 1. The value of the parameter α computed by using the
data by Murtada et al. [17] was comparable to the value computed
using the data by Chen et al. [18], but lower than the value
computed using the data by Dillon et al. [10]. For a higher α-value,
the maximum stress during an isometric test was reached within a
shorter interval of time. This can be observed from the experimental data in Fig. 2(a) and Fig. 3(a). As β increased, the stretch of
the ACFs in isometric contractions increased as one can see from
Eq. (11) and, consequently, the active stress increased too. The high
β-value obtained from the data by Dillon et al. [10] was due to the
high value of the active stress obtained in their experiments. The
elastic modulus of the collagen ﬁbers, K, had a lower value for the
data published by Murtada et al. [17]. This lower K-value can be
explained by the lower active stress reported by Murtada et al.

when compared to that reported by Dillon et al. However, the Kvalue from the data by Murtada et al. was lower than the K-value
computed from the data by Chen et al. [18] despite the lower
active stress reported by these authors. This may be explained by
the re-orientation of the collagen ﬁbers that may occur during
loading and was neglected in the present model. The value of a,
which denotes the ratio of the initial axial displacement of the
SMC contractile units to the axial tissue displacement, obtained
from biaxial experimental data [18] was lower than that obtained
from uniaxial experimental data [17,10]. Thus, the initial axial
displacement of the SMC contractile units given by Eq. (9) is much
lower along the two preferred collagen ﬁber directions than along
the circumferential direction of the arteries. The values of the
motor force f obtained from the three sets of experimental data
[17,10,18] were comparable. Finally, the collagen ﬁber orientation
angle ψ was found to be similar to the 391 angle reported by Chen
et al. [18].
This study has several limitations that are worth mentioning.
Thus far we have only tested the proposed constitutive model with
uniaxial and biaxial experimental data considering speciﬁc deformations. We selected published data on arteries to identify the
model parameters since the active and passive mechanical data on
these biological tissues are the most complete sets of published
data. Three dimensional data that characterize the active and
passive mechanics of arteries and other biological tissues are
needed to further evaluate the proposed model. Moreover, in the
reference conﬁguration, the collagen ﬁbers and their connected
SMCs have been assumed to be all aligned along one direction
when testing the model with uniaxial data or two directions when
testing the model with biaxial data. In fact, the collagen ﬁbers and
SMCs are oriented along different directions within the arteries
and the probability density function RðmÞ in Eq. (2) should be
computed through techniques such as small angle light scattering
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[32] and histology [18]. Finally, the orientation of the contractile
units within the SMCs should also be taken into consideration in
the model development. Such orientation is important since the
active force is generated along these units and transmitted,
through ﬁlament anchor points on the cell membrane, to surrounding collagen ﬁbers and ground substance. Information about
the micro-structural changes of the contractile units during
mechanical loading is crucial for developing robust microstructural constitutive models. These models will provide a better
understanding of the mechanism of smooth muscle contraction
and, ultimately, improve the treatment of medical disorders such
as hypertension, asthma, and pelvic ﬂoor disorders caused, in part,
by a mechanical dysfunction of the SMCs.
6. Conclusions
We proposed a new structural constitutive model that characterizes the active and passive mechanical responses of biological
tissues containing SMCs. The active response was attributed to the
collagen ﬁbers connected to the SMCs and the passive response was
attributed to the remaining collagen ﬁbers. A new evolution law for
the collagen ﬁbers that are connected to the SMCs and are thus
activated with them was derived based on the sliding ﬁlament
theory. The active force was assumed to be determined by an initial
motor force, cross-bridge deformation, and ﬁlament sliding. The
constitutive model was validated using uniaxial isometric and
isotonic and biaxial isometric experimental data on arteries
[10,17,18]. This study advanced our understanding of the active
mechanical behavior of biological tissues containing SMCs.
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