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A new mathematical model is presented to describe the elastic and viscoelastic properties of a single
collagen ﬁber. The model is formulated by accounting for the mechanical contribution of the collagen
ﬁber’s main constituents: the microﬁbrils, the interﬁbrillar matrix and crosslinks. The collagen ﬁber is
modeled as a linear elastic spring, which represents the mechanical contribution of the microﬁbrils, and
an arrangement in parallel of elastic springs and viscous dashpots, which represent the mechanical
contributions of the crosslinks and interﬁbrillar matrix, respectively. The linear elastic spring and the
arrangement in parallel of elastic springs and viscous dashpots are then connected in series. The
crosslinks are assumed to gradually break under strain and, consequently, the interﬁbrillar is assumed to
change its viscous properties. Incremental stress relaxation tests are conducted on dry collagen ﬁbers
reconstituted from rat tail tendons to determine their elastic and viscoelastic properties. The elastic
and total stress–strain curves and the stress relaxation at different levels of strain collected by
performing these tests are then used to estimate the parameters of the model and evaluate its predictive
capabilities.
& 2011 Elsevier Ltd. All rights reserved.
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1. Introduction
The mechanical behavior of collagenous tissues such as ligaments and tendons is mainly determined by their constituent
collagen ﬁbers. The collagen ﬁbers are indeed considered to be the
main load bearing components of these tissues. Each collagen
ﬁber is composed of numerous collagen ﬁbrils that are usually
aligned along one direction. The collagen ﬁbrils are, in turn, made
of microﬁbrils that are composed of ﬁve strands of collagen
molecules, which are staggered along the axial microﬁbril direction (Silver et al., 2003). The microﬁbrils in a collagen ﬁbril are
stabilized by covalent crosslinks and are embedded in a proteoglycan-rich matrix (Raspanti et al., 2002). Crosslinks are deemed
responsible for stabilizing and reinforcing a single collagen ﬁber
(Robins, 1982; Davison and Brennan, 1983). As a tissue develops
and matures, native crosslinks increase in functionality as they
form more stable, mature crosslinks between collagen molecules
and microﬁbrils (Couppe et al., 2009).
The types of crosslinks in ligaments and tendons have been
fairly well characterized, primarily by high-performance liquid
chromatography methods, but the locations and mechanisms of
n
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crosslink maturation are not completely understood (Sims and
Bailey, 1992; Saito et al., 1997; Eyre and Wu, 2005; Avery and
Bailey, 2008). The increase in crosslinks inﬂuences the mechanical
properties of collagen ﬁbers, ligaments and tendons by producing,
for example, an increase in their corresponding stiffness (Puxkandl
et al., 2002; Hansen et al., 2009).
Puxkandl et al. (2002) studied the effect of crosslinks by performing tensile tests and synchrotron X-ray scattering on normal and
crosslink-deﬁcient rat tail tendons. In their study, the ultimate load
and stiffness were signiﬁcantly higher in normal rat tail tendons than
in crosslink-deﬁcient rat tail tendons, but the ultimate deformation
for these two groups of tendons was not signiﬁcantly different. These
results suggested that the crosslinks do not alter the deformation of
the tendons. The tendons were also modeled as a series of two
different Kelvin–Voigt elements: the ﬁrst one represented the contribution of collagen ﬁbrils and their crosslinks and the second one
represented the contribution of the proteoglycan-rich matrix. In the
ﬁrst Kelvin–Voigt element, the elastic modulus of the spring was
assumed to depend on the density of the crosslinks in the ﬁbrils while
the viscosity of the dashpot was assumed to be due to the friction
between the collagen molecules in ﬁbrils. The model was shown to ﬁt
well tensile data of normal and crosslink-deﬁcient rat tail tendons but
was not compared to the experimental data at the ﬁbril (or ﬁber)
level.
Hansen et al. (2009) performed tensile tests on ﬁbrils by
using atomic force microscopy and on fascicles by employing
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a custom-built tensile testing device. The ﬁbers and fascicles were
excised from normal and chemically treated rat tail tendons. The
chemical treatment was used to induce crosslinks in the tendons.
The authors found that the elastic modulus was considerably
higher for ﬁbrils but only slightly higher for fascicles when
extracted from chemically treated rat tail tendons. Thus, they
concluded that the strength of the whole tissue depends mainly
on the crosslinks that are present at the collagen ﬁbril level.
Recently, Gupta et al. (2010) employed high time resolution
synchrotron X-ray diffraction and confocal microscopy to investigate stress relaxation both at the ﬁbril and ﬁber levels in rat
tail tendons. In order to interpret the results of the experiments,
the authors proposed a viscoelastic model, which consisted of an
arrangement in series of a Kelvin–Voigt element and two different
Maxwell elements. The Kelvin–Voigt element represented the
collagen ﬁbrils with their crosslinks, one Maxwell element represented the interﬁbril proteoglycan-rich matrix while the other
Maxwell element represented the inter-ﬁber ground substance.
The model ﬁtted well stress relaxation data at both ﬁbril and ﬁber
levels. These results indicated that the mechanisms governing
stress relaxation at the ﬁbril and ﬁber length scales are different
and are affected by the presence of crosslinks.
Incremental stress relaxation tests have been used by Silver
and his colleagues to elucidate the structural mechanisms most
likely contributing to the viscoelastic behaviors in collagenous
tissues and in ﬁbril-forming collagens such as collagen type I
(Silver et al., 2001a, 2001b, 2002). Unlike tensile and stress
relaxation tests, incremental stress relaxation tests provide valuable information on the elastic and viscoelastic properties of
collagenous tissues. During an incremental stress relaxation test,
a specimen is pulled at a ﬁxed strain rate to some relative level of
incremental strain (i.e., 5%). Thereafter, the specimen is held at
that ﬁxed strain until the stress decays to an equilibrium or
residual stress. Then an additional incremental strain is placed
upon the specimen, and the stress is again allowed to decay to an
equilibrium value. These incremental strain and stress relaxation
cycles are repeated until the specimen fails (Silver et al., 2000).
During the analysis of incremental stress relaxation data, stress
and strain values can be obtained for each incremental strain
value (i.e., 5%, 10%, 15%). The stress before relaxation is often
called the total or initial stress, while the stress after relaxation is
commonly termed the elastic or equilibrium/residual stress, and
the difference between the total and elastic stresses is the viscous
stress. Total, elastic, and viscous stresses can be plotted against
strain to produce incremental stress–strain plots.
In this study, a new mathematical model for individual
collagen ﬁbers is formulated by considering their structure and
composition including the microﬁbrils, crosslinks and interﬁbrillar matrix. The novelty of the model is determined by its ability to
describe both the elastic and viscoelastic properties of the
collagen ﬁbers as determined by incremental stress relaxation
tests. As indicated by previous experimental studies (Puxkandl
et al., 2002; Hansen et al., 2009; Gupta et al., 2010) the microﬁbrils, crosslinks and interﬁbrillar matrix are responsible for the
elasticity and viscoelasticity of collagenous ﬁbers. In the model,
the collagen ﬁber is assumed to consist of an arrangement in
series of a linear elastic spring, which represents the mechanical
contribution of the microﬁbrils, with an arrangement in parallel
of elastic springs and viscous dashpots, which represent the
mechanical contributions of the crosslinks and interﬁbrillar
matrix. The crosslinks are assumed to gradually break under
strain and, consequently, the interﬁbrillar matrix is assumed to
change its viscous properties. Incremental stress relaxation tests
are conducted on dry collagen ﬁbers reconstituted from rat tail
tendons to determine their elastic and viscoelastic properties. The
elastic and total stress–strain curves and the stress relaxation at

different levels of strain are then used to estimate the parameters
of the model and evaluate its predictive capabilities. To the
authors’ knowledge, this is the ﬁrst attempt to model the elastic
and viscoelastic behavior of individual collagen ﬁbers determined
from incremental stress relaxation tests by accounting for their
micro-structure.

2. Materials and methods
2.1. Extraction and puriﬁcation of collagen type I
Tail tendons were obtained from Sprague-Dawley rats in
accordance with an approved Virginia Tech IACUC protocol. The
rat tails were received from other research groups either through
lab-to-lab transfer or through Virginia Tech’s Central Vivarium. In
both cases, all rats had already been euthanized and the rat tails
would have otherwise been discarded. Acid-soluble collagen
protein was extracted and puriﬁed from rat tail tendons using a
procedure described by Pins et al. (1997). Brieﬂy, rat tail tendons
were removed and partially dissolved in 10 mM hydrochloric acid
(HCl, pH 2.0). The acid-soluble fraction was sterile-ﬁltered
ð0:8-0:65-0:45 mmÞ, and the collagen was precipitated out
using 0.7 M sodium chloride (NaCl); under acidic conditions, this
concentration of NaCl has been shown to precipitate collagen
types I–IV (Deyl and Adam, 1989). The collagen protein was
collected via centrifugation and re-dissolved in 10 mM HCl,
followed by dialysis against 20 mM sodium phosphate dibasic
(pH 7.4). Lastly, the collagen was collected and re-dissolved as
before, dialyzed against 10 mM HCl, and diluted to 10 mg/mL
(checked by weighing the dry mass of collagen protein that
remained after drying out the collagen solution in an oven at
110 1C).
2.2. Extruding reconstituted collagen ﬁbers
Fourteen reconstituted collagen ﬁbers were formed using a
method described by Pins et al. (1997). Brieﬂy, 10 mg/mL of
collagen solution and ﬁber formation buffer (FFB) [135 mM sodium
chloride (NaCl), 5 mM sodium phosphate dibasic (Na2HPO4),
30 mM tris hydroxymethyl aminomethane (THAM)] were separately loaded into a dual syringe system. The dual syringe pump
was run at 0.7 mL/min, and the resulting mixture was extruded
through 1 mm (I.D.) polytetraﬂuoroethylene (PTFE) tubing into a
bath of FFB at  35 1C. The bath temperature was controlled with
an immersion heater (Cole Parmer, EW-03046-40). The ﬁbers
were kept in FFB at  35 1C for 24 h, after which the FFB was
replaced with ﬁber incubation buffer (FIB) [135 mM NaCl, 30 mM
Na2HPO4, 10 mM THAM] (  35 1C, 24 h). The FIB was replaced
with deionized water (  35 1C, 1 h), followed by replacement
with fresh deionized water at room temperature. Then the ﬁbers
were removed and air-dried under slight tension. In order to ease
handling, the ﬁbers were afﬁxed into vellum paper support
frames with epoxy glue. The ﬁbers were then physically aged in
a Petri dish at room temperature ð  23 1CÞ for 2 months before
mechanical characterization. A scanning electron microscopy
image of a ﬁber reconstituted from rat tail tendon collagen is
shown in Fig. 1.
2.3. Mechanical testing
Prior to mechanical testing, the diameters of the ﬁbers
(assuming circular cross-sections) were measured at three locations per ﬁber using a Leica DM IL inverted light microscope
equipped with a calibrated measurement scale. Fiber specimens
were tested in air at ambient temperature ð23:14 80:20 1CÞ and
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Fig. 2. Schematic of the viscoelastic model.

where sEm ðtÞ, sEl ðtÞ and sZm ðtÞ are the stresses of the microﬁbrils,
crosslinks and interﬁbrillar matrix, respectively. Thus, according
to Eq. (1) the contributions of the crosslinks and interﬁbrillar
matrix to the total stress of a collagen ﬁber are different.
The total strain of a collagen ﬁber, eðtÞ, is
Fig. 1. SEM image of a reconstituted collagen ﬁber from rat tail tendons showing
their ﬁbrils.

ambient humidity ð40:13 8 11:88%RHÞ using an MTS Tytron 250
Microforce Testing System equipped with a 75 N load cell and a
linear variable differential transformer (LVDT) to track specimen
elongation. Incremental stress relaxation tests involved alternating pull and hold cycles repeated six times (each ﬁber was pulled
to 2.5% relative strain at a rate of 10%/min and then held at a ﬁxed
strain for a pre-programmed length of time that changed with the
level of overall strain). The pre-programmed hold times were as
follows: 2.5% (30 min), 5% (1.5 h), 7.5% (2.5 h), 10% (3.5 h), 12.5%
(4.5 h), and 15% (5.5 h).

3. Model formulation
3.1. Preliminaries
In formulating the model, an individual collagen ﬁber is
assumed to consist of a linear elastic spring with elastic constant
Em and a series of linear elastic springs with elastic constants El and
viscous dashpots with viscous constants Zm , which are arranged in
series as shown in Fig. 2. The linear elastic spring with elastic
constant Em represents the total contribution of the microﬁbrils
while the linear elastic springs with elastic constants El represent
the contributions of the crosslinks existing among microﬁbrils,
which gradually break under strain. The viscous dashpots with
viscous constants Zm represent the contribution of the interﬁbrillar
matrix. Because the crosslinks among microﬁbrils break under
strain, the interaction between the microﬁbrils and the interﬁbrillar matrix is assumed to be altered under strain. Speciﬁcally, the
viscous constant of the interﬁbrillar matrix, Zm , is equal to Zmu for
the crosslinks that are unbroken and is equal to Zmb for the
crosslinks that are broken.
3.2. General framework
A schematic of the model is presented in Fig. 2. As shown in
Fig. 2, the total stress of a collagen ﬁber, sðtÞ, is given by

sðtÞ ¼ sEm ðtÞ ¼ sEl ðtÞ þ sZm ðtÞ,

ð1Þ

eðtÞ ¼ eEm ðtÞ þ eEl ðtÞ ¼ eEm ðtÞ þ eZm ðtÞ,

ð2Þ

where eEm ðtÞ, eEl ðtÞ and eZm ðtÞ are the strains of the microﬁbrils,
crosslinks and interﬁbrillar matrix, respectively. It follows from
Eq. (2) that eEl ðtÞ ¼ eZm ðtÞ that is the crosslinks and the interﬁbrillar matrix are subjected to the same strain.
The stress of the microﬁbrils is deﬁned as

sEm ðtÞ ¼ Em eEm ðtÞ,

ð3Þ

where Em denotes the elastic constant of the microﬁbrils. It must
be emphasized that sEm ðtÞ, eEm ðtÞ and Em represent the stress,
strain and elastic modulus, respectively, of all the microﬁbrils
forming the collagen ﬁber.
The stress determined by the crosslinks in the collagen ﬁber is
deﬁned by using an approach similar to the one presented by
Raischel et al. (2006) and De Tommasi et al. (2006) for different
materials. The crosslinks are assumed to break when their strains
eEl reach some values eb Z0 that are deﬁned by an exponential
probability density function. Speciﬁcally, the stress of the crosslinks is given by
Z eE ðtÞ
l
sEl ðtÞ ¼ El eEl ðtÞð1PðeEl ðtÞÞÞ þEl
eb pðeb Þ deb ,
ð4Þ
0

where El is the elastic constant of the crosslinks. In Eq. (4), pðeb Þ is
the probability density function associated with the event of a
crosslink breaking at the strain eb Z0 and is assumed to be an
exponential probability density function with rate a:
pðeb Þ ¼ aeaeb ,

ð5Þ

where a 40 denotes the so-called rate parameter. Moreover,
in Eq. (4), PðeEl Þ denotes the exponential cumulative distribution
function deﬁned as
Z eE
l
PðeEl Þ ¼
pðeb Þ deb ¼ 1eaeEl ,
ð6Þ
0

which represents the density of broken crosslinks. Note that the
rate parameter a admits an interpretation as the inverse of the
characteristic strain at which most crosslinks break. The ﬁrst term
on the right-hand side of Eq. (4) is the stress of all the unbroken
crosslinks while the second term is the stress of all the broken
crosslinks. The stress of the broken crosslinks is not transferred to
the unbroken crosslinks.
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The stress of the interﬁbrillar matrix, sZm ðtÞ, is deﬁned by taking
into account the difference in the viscous constants determined by
the breakage of crosslinks. Thus, the stress of the interﬁbrillar
matrix is deﬁned as

sZm ðtÞ ¼ Zmu e0Zm ðtÞð1PðeZm ðtÞ ÞÞ þ Zmb e0Zm ðtÞPðeZm ðtÞ Þ,

ð7Þ

where Zmu and Zmb denote the viscous constants of the interﬁbrillar
matrix associated with the unbroken or broken crosslinks, respectively, and the prime denotes the differentiation with respect to t.
In Eq. (7), the ﬁrst term on the right hand side represents the
contribution of the interﬁbrillar matrix with unbroken crosslinks
while the second term represents the contribution of the interﬁbrillar matrix with broken crosslinks. It is assumed that the
portion of the interﬁbrillar matrix with unbroken crosslinks and
the remaining portion of the interﬁbrillar matrix with broken
crosslinks are subjected to the same strain, eZm ðtÞ.
From Eqs. (3), (4), (7) it follows that Eq. (1) can be rewritten as
Z eE ðtÞ
l
eb pðeb Þdeb
Em eEm ðtÞ ¼ El eEl ðtÞð1PðeEl ðtÞÞÞ þEl
0

þ Zmu e0Zm ðtÞð1PðeZm ðtÞ ÞÞ þ Zmb e0Zm ðtÞPðeZm ðtÞ Þ:

ð8Þ

Moreover, since eEl ðtÞ ¼ eZm ðtÞ ¼ eðtÞeEm ðtÞ from Eq. (2) and, hence,
e0El ðtÞ ¼ e0Zm ðtÞ ¼ e0 ðtÞe0Em ðtÞ, Eq. (8) can be rewritten as
E

ðeaðeðtÞeEm ðtÞÞ 1ÞeEm ðtÞ
,
Aðtmu , tmb , eEm ðtÞ, eðtÞ, aÞ

e0Em ðtÞ ¼ e0 ðtÞ þ a

ð10Þ

where tmu ¼ Zmu =Em and tmb ¼ Zmb =Em are called relaxation times.
The relaxation time is the amount of time that is needed to the
stress to decrease and become steady when the strain is ﬁxed to a
constant value.
By recalling Eqs. (1) and (3), the total stress of a collagen ﬁber
can be written as

sðtÞ ¼ Em eEm ðtÞ:

Em

σ (t)

σ (t)

EI

εEI (t)

εEm (t)

Fig. 3. Schematic of the elastic model.

crosslinks. The contribution of the interﬁbrillar matrix represented by the viscous dashpots in Fig. 2 is neglected. Thus, the
collagen ﬁber is modeled as shown schematically in Fig. 3.
The elastic stress of a collagen ﬁber, se ðtÞ, is then given by

se ðtÞ ¼ sEm ðtÞ ¼ sEl ðtÞ,
ð9Þ

where E ¼ El =Em is the ratio between the elastic moduli of the
crosslinks and the microﬁbrils. In Eq. (9), for ease of writing,
A ¼ Aðtmu , tmb , eEm ðtÞ, eðtÞ, aÞ is set to be
Aðtmu , tmb , eEm ðtÞ, eðtÞ, aÞ ¼ tmb þ ðtmu tmb ÞeaðeðtÞeEm ðtÞÞ ,

ε (t)

ð11Þ

ð14Þ

while the elastic strain of the collagen ﬁber, ee ðtÞ, is given by

ee ðtÞ ¼ eEm ðtÞ þ eEl ðtÞ:

ð15Þ

From Eqs. (3) and (4), one observes that Eq. (14) can be rewritten as
Z eE ðtÞ
l
eb pðeb Þ deb :
ð16Þ
Em eEm ðtÞ ¼ El eEl ðtÞð1PðeEl ðtÞÞÞþ El
0

By differentiating both sides of Eq. (16) with respect to ee and
suppressing the time dependency, one has that
deEl
deEm
E
¼ l eaeEl
:
dee
Em
dee

ð17Þ

By recalling that eEl ¼ ee eEm from Eq. (15), Eq. (17) can be written as
deEm
E
¼ aðee e Þ
,
Em þE
dee
e

ð18Þ

After differentiating both sides of Eq. (11) with respect to t, one
obtains that

where, as before, E ¼ El =Em . From Eqs. (3) and (14), it follows that the
elastic stress of a crosslinked collagen ﬁber is

s0 ðtÞ ¼ Em e0Em ðtÞ:

se ¼ Em eEm :

ð12Þ

ð19Þ

Eqs. (9) and (12) form a system of ordinary differential equations
that, with appropriate initial conditions, can be solved to describe
the mechanical behavior of a collagen ﬁber.

By differentiating Eq. (19) with respect to ee , one obtains that

3.3. Total stress of a collagen ﬁber

The system of ordinary differential equations formed by Eqs. (18)
and (20) with appropriate initial conditions can be used to compute
the elastic stress–strain relationship for a collagen ﬁber.

In order to describe the total (elastic and viscous) stress–strain
curve of a collagen ﬁber as computed from incremental stress
relaxation tests, the system of ordinary differential equations
given by Eqs. (9) and (12) can be solved by assuming that the
strain of the collagen ﬁber, eðtÞ, has the form

eðtÞ ¼ at,

ð13Þ

where t 40 and a is a constant representing the strain rate. It
must be noted that, during incremental stress relaxation tests, the
strain rate used to strain the collagen ﬁber to different increasing
levels of strain does not change and is constant.
3.4. Elastic stress of a collagen ﬁber
The elastic stress–strain curve of a collagen ﬁber is assumed
to be determined only by its constituent microﬁbrils and their

dse
deEm
¼ Em
:
dee
dee

ð20Þ

3.5. Stress relaxation of a collagen ﬁber
The stress relaxation of the collagen ﬁber can be determined
by solving the system of ordinary differential equations formed
by Eqs. (9) and (12). The strain history of the collagen ﬁber, eðtÞ, is
assumed to have the form
(
at for 0 r t ot 0 ,
eðtÞ ¼
ð21Þ
e0 for t Zt 0 ,
þ
where a and t0 are constants at0 ¼ eðt 
0 Þ ¼ eðt 0 Þ ¼ e0 . Speciﬁcally,
the constant a represents the strain rate used to increase the
strain from zero to a constant value, e0 , which is maintained
during stress relaxation starting at a time t0.
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differential equations, Eqs. (9) and (12), can be solved to determine sðt 0 Þ and eEm ðt 0 Þ, which are then used as initial conditions
when solving the system of differential equations for t 4 t 0 . For
t 4t 0 , eðtÞ ¼ e0 and e0 ðtÞ ¼ 0 and by imposing the previously
determined initial conditions on sðt 0 Þ and eEm ðt 0 Þ the system of
ordinary differential equation can be solved to compute the stress
sðtÞ, which deﬁnes the stress relaxation of the collagen ﬁber.

150
Stress (MPa)

For 0 r t ot 0 , e0 ðtÞ ¼ a. By imposing the initial condition
sð0Þ ¼ 0 and noting that eEm ð0Þ ¼ 0, the system of ordinary

201

model
experiments

100
50

0

2000

4000
6000
Time (s)

8000

10000

Fig. 6. Experimental stress relaxation data collected at 7.3% strain from reconstituted collagen ﬁbers of rat tail tendon and model ﬁt with tm b ¼ 851 s
ðR2 ¼ 0:8467Þ. Note that E¼ 0.14, a ¼ 9:4 and tm u ¼ 1:2 s.

4. Results
4.1. Experimental results

60
40
20

0

200

400

600

800 1000 1200 1400 1600 1800
Time (s)

200
model
experiments

120
model
experiments

100
Stress (MPa)

There were four parameters, fE, a, tmu , tmb g, in the proposed
modeling framework that needed to be estimated by using
experimental data to describe the mechanical behavior of a
collagen ﬁber. The elastic constant of the microﬁbrils, Em, was

Stress (MPa)

model
experiments

Fig. 7. Stress relaxation at 2.4% strain: experimental data collected from reconstituted collagen ﬁbers of rat tail tendon and model prediction.

4.2. Parameter estimation
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Fig. 5. Experimental total stress–strain curve of reconstituted collagen ﬁbers of
rat tail tendon and model ﬁt with tm u ¼ 1:2 s and tm b ¼ 3:0 s ðR2 ¼ 0:99Þ. Note that
E ¼0.14 and a ¼ 9:4.

set equal to 12 GPa as suggested by preliminary molecular
dynamics studies carried out by the authors. The values of the
parameters were determined uniquely by using the experimental
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Fig. 10. Stress relaxation at 12.1% strain: experimental data collected from
reconstituted collagen ﬁbers of rat tail tendon and model prediction.

data and implementing the nonlinear least squares method in
Matlab (the MathWorks, Inc.). The ﬁrst set of parameters, E and a,
which determine the elastic response of the collagen ﬁber, were
found by curve ﬁtting the system of ordinary differential equations, Eqs. (18) and (20), to the average elastic stress–strain data.
The results of the ﬁtting and the experimental data are shown in
Fig. 4. It was found that E¼0.14 and a ¼ 9:4 provided the best ﬁt
with R2 ¼ 0:99.
During incremental stress-relaxation tests, each collagen ﬁber
was strained to different strain levels using the same strain rate,
e0 ¼ 0:16% s1 . Therefore, in order to ﬁt the average of the total
strain–stress curves by using the system of ordinary differential
equations formed by Eqs. (9) and (12), it was assumed that
a ¼0.16% s  1 in Eq. (13). After setting E¼0.14 and a ¼ 9:4, the
parameters tmu and tmb were determined to be 1.2 s and 3.0 s,
respectively. The results of the ﬁtting are presented in Fig. 5
where R2 ¼ 0:99.
The values of the parameters tmu and tmb could not be computed
uniquely by ﬁtting the average stress relaxation data. Thus, tmu was
ﬁxed to the value determined by ﬁtting the average total stress–strain
data in order to uniquely determine tmb from the average stress
relaxation data at one strain level and predict the stress relaxation at
different strain levels. The average stress relaxation data recorded
by subjecting the collagen ﬁbers to a constant strain of 7.3% was
thus used to compute the value of tmb in the model represented by
Eqs. (9) and (12) while the other parameters, fE, a, tmb g, were ﬁxed to
the values computed by ﬁtting the elastic and total stress–strain data.
The value of the constant a was set to be 0.16% s  1 in Eq. (21), which
is used to determine the initial conditions for the system of
differential equations given by Eqs. (9) and (12). The value of tmb
that provided the best ﬁt was found to be 851 s. The results of the
ﬁtting are shown in Fig. 6 ðR2 ¼ 0:8467Þ.
The values of the parameters, fE, a, tmu g, which were found from
ﬁtting the total and elastic stress–strain data and the value of the
parameter tmb , which was determined from ﬁtting the stress relaxation data collected at 7.3% strain, were then employed to predict
stress relaxation of the collagen ﬁbers at different strains: 2.4%, 4.8%,
9.7% and 12.1%. The initial conditions for the system of ordinary
differential equations for stress relaxation were computed by using
the solution of the system of ordinary differential equations obtained
with the total stress–strain data. The comparison between the model
predictions for stress relaxation and the experimental data are shown
in Figs. 7–10.
4.3. Inﬂuence of parameters on model predictions
The role of each model parameter in describing the total and
elastic stress–strain behaviors and stress relaxation of collagen
ﬁbers was investigated. The predictions of the proposed model

were plotted for various values of the parameters. The parameters, which were not varied, were ﬁxed to the values obtained
from curve ﬁtting the total and elastic stress–strain and stress
relaxation experimental data, namely E¼0.14, a ¼ 9:4, tmu ¼ 1:2 s
and tmb ¼ 851 s. It was observed that as the constant E increased,
the stiffness of the collagen ﬁber signiﬁcantly increased with
strain (Fig. 11). For stress relaxation, one could observe that when
E increased, the stress reached a higher equilibrium value in a
shorter time (Fig. 16).
The effect of the rate parameter, a, of the exponential probability density function on the total stress–strain behavior is
shown in Fig. 12 while the corresponding probability density
function is presented in Fig. 13. As a increased, the probability
that the crosslinks break became higher for lower values of the
strain (Fig. 13) and, consequently, the stress in the total stress–
strain curve became lower (Fig. 12). Stress relaxation was also
inﬂuenced by the value of a: as a increased the value of the
equilibrium stress decreased and the time needed to reach such
equilibrium stress also increased (Fig. 17).
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Fig. 11. Inﬂuence of the model parameter E on total stress–strain behavior.
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Fig. 14. Inﬂuence of the model parameter tmu on the total stress–strain behavior.
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Fig. 15. Inﬂuence of the model parameter tmb on the total stress–strain behavior.

The relaxation times tmu and tmb determined the total stress–
strain behavior of collagen ﬁbers. As shown in Figs. 14 and 15, the
stress increased over strain as tmu and tmb increased, respectively.
It was also observed that, for large value of the strain, the stiffness
decreased as tmu increased while it increased as tmb increased.
Finally, the inﬂuence of the relaxation times, tmu and tmb , on the
stress relaxation is shown in Figs. 18 and 19, respectively. As tmu
and tmb increased, the stress increased over time and reached the
equilibrium state after a longer interval of time.

5. Discussion and conclusions
A new viscoelastic model was presented to describe the elastic
and viscoelastic properties of individual collagen ﬁbers determined from incremental stress relaxation tests. The model, for
which the schematic is presented in Fig. 2, was formulated by
accounting for the mechanical contributions of the microﬁbrils,
the crosslinks among microﬁbrils and the interﬁbrillar matrix in a
collagen ﬁber. The progressive failure of crosslinks was assumed
to be responsible for the nonlinearities observed in the total and
elastic stress–strain curves. The viscous properties of the interﬁbrillar matrix changed progressively as the crosslinks failed and
induced nonlinearities in the total stress–strain and stress relaxation responses. The incremental stress relaxation experiments
were conducted on dry collagen ﬁbers reconstituted from rat tail
tendons. The total and elastic stress–strain data and the stress
relaxation data at different strain levels collected from these
experiments were then used to estimate the model parameters
and analyze its predictive capabilities.
The parameters in the proposed model were directly related to
the composition of a collagen ﬁber. They were estimated by
ﬁtting total stress–strain, elastic stress–strain and stress-relaxation data as shown in Figs. 4–6, respectively. The elastic modulus
of the microﬁbrils, Em, comprising the collagen ﬁber was ﬁxed
at 12 GPa as estimated by our preliminary molecular dynamics

120
Stress (MPa)

150

simulations. This estimated value fell within the range of values
reported in the literature (Gautieri et al., 2011). The parameters,
which were determined from the elastic stress–strain data, were
E¼0.14 and a ¼ 9:4. The value for the parameter E indicated that
the microﬁbrils were stiffer than the crosslinks in the collagen
ﬁber. The parameter a deﬁned the probability density function
that governed the continuous breakage of the crosslinks. Fig. 13
indicated, for example, that at 12% strain, the maximum strain
used in the experiments, more than 70% of the crosslinks among
microﬁbrils failed. The total stress–strain data obtained from
the incremental stress relaxation tests were used to estimate
the other two model parameters, tmu and tmb , which denoted the
relaxation times of the interﬁbrillar matrix with unbroken and
broken crosslinks. The values found for these parameters,
tmu ¼ 1:2 s and tmb ¼ 3:0 s, suggested that the time for relaxation
is longer for the interﬁbrillar matrix having broken crosslinks.
The predictions of the stress relaxation response at different strain
levels, 2.4%, 4.8%, 9.7% and 12.1%, were presented in Figs. 7–10. These
predictions were made by using the values of the parameters
estimated by ﬁtting the elastic and total stress–strain data and the
stress relaxation data collected at 7.3% strain. The stress values
predicted by the system of ordinary differential equations fell within
the range of values recorded from the experiments. However, there
was a common trend in the predictions that appeared to be in
contrast with the experimental observations: the stress reached
equilibrium values earlier in time.
The inﬂuence of each model parameter on the predictions of total
and elastic stress–strain and stress relaxation behaviors were presented in Figs. 11–19. In Fig. 11, the total stress-strain response was
shown for different numerical values of E. The parameter E, which
represented the ratio between the elastic moduli of the crosslinks
and the microﬁbrils, played a signiﬁcant role on increasing the
stiffness of the collagen ﬁbers. These ﬁndings are in agreement with
the previous studies in which an increase in crosslinks produced an
increase in the stiffness of collagenous tissues (Puxkandl et al., 2002;
Hansen et al., 2009). The parameter E also determined the values of
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Fig. 16. Inﬂuence of the model parameter E on stress relaxation.
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Fig. 19. Inﬂuence of the model parameter tmb on stress relaxation.

the equilibrium stress during stress relaxation (Fig. 16). Indeed, as E
increased, the values of the equilibrium stress increased while the
values of the relaxation time decreased. These results indicated that
the collagen ﬁber relaxed faster during relaxation when it had more
crosslinks as observed in recently published experimental studies
(Usha et al., 2001).
In Fig. 12 the total stress–strain curve of the collagen ﬁber was
reported for different values of the rate parameter, a, of the
exponential probability density function that deﬁned the continuous failure of crosslinks while in Fig. 13 the corresponding
cumulative density function was presented. As a increased, the
percentage of crosslinks that failed also increased, especially at
large strains (Fig. 13) and, hence, the total stress of the collagen
ﬁber decreased at these strains (Fig. 12). This continuous mechanism of progressive failure of the crosslinks in the collagen ﬁber is
similar to the one proposed by other investigators for modeling
the breakage of elastic ﬁbers in bundles (Raischel et al., 2006; Guo
and De Vita, 2009). In this study, the parameter a also contributed
to deﬁne the stress relaxation in collagen ﬁbers as illustrated in
Fig. 17. The stress relaxation was more pronounced for collagen
ﬁbers having a higher percentage of broken crosslinks for which a
had greater values (Fig. 13).
The total stress–strain curve of each collagen ﬁber computed
from incremental stress relaxation tests was found to be almost
bilinear (Fig. 5). A bilinear behavior was also reported by other
researchers who investigated the mechanical properties of dry
collagen ﬁbers (Kato et al., 1989). However, the paucity of data in
the initial region of the stress–strain curve and the presence of
relevant error bars in the data do not allow to exclude that the
observed behavior could be simply linear. One could observe from
Fig. 14 that in a collagen ﬁber the stress over strain increased with
tmu , while the stiffness increased for small values of the strain
and, although only slightly, decreased for large values of the
strain. Unlike tmu , the stress over small values of the strain
remained almost unchanged while it increased for large values
of the strain when tmb increased. Consequently, the stiffness

of the collagen ﬁber for small values of the strain remained
unchanged while it increased for large values of the strain. These
parametric studies indicated that the viscous properties of the
interﬁbrillar matrix with unbroken crosslinks had a signiﬁcant
role on the total stress of the collagen ﬁber at small strain while
the viscous property of the interﬁbrillar matrix with broken
crosslinks had a signiﬁcant role on the total stress at large
strain.
The relaxation times tmu and tmb also inﬂuenced the stress
relaxation as illustrated in Figs. 18 and 19, respectively. It was
clearly shown that when the relaxation times had greater values,
the stress of the collagen ﬁber reached equilibrium after a longer
interval of time while the value of the stress at equilibrium was
unaffected. Two different relaxation times, a fast relaxation time
and a slow relaxation time, were also observed in experimental
studies on rat tail tendon collagen ﬁbers conducted by other
investigators (Usha et al., 2001; Gupta et al., 2010).
One limitation of this study is that the values of the four model
parameters E¼0.14, a ¼ 9:9, tmu ¼ 1:2 s, and tmb ¼ 3:0 s, which
were ﬁtted to the average elastic and total stress–strain data,
were unable to predict the stress relaxation data. This was,
perhaps, due to the different viscoelastic responses described
by the average total stress–strain data and the average stress
relaxation data in incremental stress relaxation tests. For this
reason, tmu and tmb were ﬁtted to stress relaxation data collected
at one strain level. Because the results of this curve ﬁtting did not
produce a unique set of values for tmu and tmb , the value of tmu
was kept to the value computed by curve ﬁtting the average
total stress–strain data. Thus, tmu was ﬁxed to 1.2 s to determine
uniquely a new value for tmb . It must be noted that tmu was ﬁxed
to the value computed by ﬁtting the average total stress–strain
data because it was assumed that this value was more accurate
than the value of tmb computed using the same data. According to
the parametric analysis, tmu appeared to determine the initial
portion of the total stress–strain curve (Fig. 14) while tmb
appeared to deﬁne the ﬁnal portion of such curve (Fig. 15).
Moreover, the stress–strain data computed from incremental
stress relaxation tests represented more closely the total (elastic
and viscoelastic) behavior of the collagen ﬁber in their initial
portion than in their ﬁnal portion. Indeed, in incremental stress
relaxation tests, the total stress–strain curve was computed from
the peak stresses at different strain levels during each relaxation
test. As the number of consecutive stress relaxation tests
increased, the viscous contributions to the total stress–strain data
decreased due to repetitive tests. Hence, given the inﬂuence of tmu
on the initial region of the total stress–strain curve and the higher
ﬁdelity of the initial portion of the total stress–strain data, it was
considered more appropriate to ﬁx tmu (and not tmb ) to the value
determined by ﬁtting the average total stress–strain data.
The reconstituted collagen ﬁbers from rat tail tendons were
subjected to incremental stress relaxation tests in ambient room air
(relatively dry). Therefore, the total and elastic stresses were much
greater than those reported for their hydrated counterparts (Silver
et al., 2000). Interestingly, the incremental stress-relaxation data
resembled those of hydrated native rat tail tendons, aged to similar
extents. This implies that the mechanism that imparts native rat tail
tendon with its viscoelastic properties was strengthened in the less
hydrated state (ambient air). In native rat tail tendon, the collagen
type I microﬁbrils interact with microﬁbril-associated collagens,
proteoglycans, and water; however, in reconstituted collagen type I
ﬁbers, microﬁbrils are lacking many of these supporting macromolecules that facilitate interaction between microﬁbrils (i.e., microﬁbril
organization and microﬁbril slippage). These differences would contribute to the drastic differences in the viscoelastic response of native
and reconstituted rat tail tendon collagen ﬁbers tested in the
hydrated state (Silver et al., 2001a). In this case, drying most likely
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led to a departure of water from the interﬁbrillar and inter-molecular
spaces, leading to a denser arrangement of collagen microﬁbrils and
molecules (i.e., increased volume fraction of polymer). This in-turn
would be expected to produce an increased axial ratio and effective
ﬁbril length, thereby accounting for the increases in the total and
elastic stress (Silver et al., 2001a). Fibril length and diameter are
expected to inﬂuence the strength and stiffness at the level of the
collagen ﬁber. Indeed, Silver et al. (2001a) found that effective ﬁbril
length was strongly correlated to ultimate tensile strength and elastic
modulus. Fiber diameter was also correlated with ultimate tensile
strength, but the correlation was not as strong as the one between
effective ﬁbril length and ultimate tensile strength.
Each incremental stress relaxation test conducted in this study
required several hours to be completed. For this reason, the age
and extent of crosslinking of the tested collagen ﬁbers were
different. Moreover, the collagen ﬁbers were tested over long
periods of time in ambient air with different levels of humidity
and were not kept hydrated. This was done because the low forces
(and stresses) required to test hydrated collagen ﬁbers caused
high signal-to-noise ratio in the tensile testing system employed
in this study. The differences in the age and extent of crosslinking
of the collagen ﬁbers and ambient air humidity are likely
responsible for the high variability observed in the mechanical
experimental data.
In conclusion, a new modeling framework was presented for
describing the mechanical response of collagen ﬁbers exhibited
during incremental stress relaxation tests. The modeling
approach adopted here could be extended to describe other
viscoelastic phenomena in collagen ﬁbers such as, for example,
creep and could be also applied to describe the viscoelasticity of
other collagenous tissues. More importantly, it could be employed
to illustrate the role of crosslink density on the mechanical
behavior of collagenous ﬁbers and tissues. It is likely that the
viscoelastic behavior of collagen ﬁbers depends also on their
ﬁbrillar structure, fascicle size, water binding properties and
the nature of the interﬁbrillar matrix. Therefore, future experimental and theoretical studies will need to be carried out to
uncover the role of the ultrastructure of collagen ﬁbers on their
viscoelasticity.
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